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Three of the conditions are satisfied and we must makep 2 — m 2 , p 2 — j» 2 , 
m 2 — m 2 all squares. This is done in Vol. IX, No. 4, pages 113-114. 
: ,p=697d, n—l8bd, m—153d. 

.-.The numbers are a, a+23409d 2 , a+34225d! 2 , a+485809d 2 . 
Let a±=d=l, and the numbers are 1, 23410, 34226, 485810. 

114. Proposed by J. E. SANDERS, Hackney, Ohio. 

Find the least integral values (if any) of a, b, and c that will make 
2(a-f-6+c)±2|/[12a6— 3(a+6— c) s ] a square number for either sign of the 
radical. 

Solution by 0. B. M. ZEEE, A. H., Pb. D., Professor of Chemistry and Physics, The Temple College, Phila- 
delphia, Pa. 

This is always the case if 2(a-|-&-fc) is the square, and 12a&— 3(a + 6— e) 2 
or 4a6=(a+6— «) 8 . 

Let a=(n+l)c, b—(n— l)c. 

Then 4a&=4(w 2 -l)c 2 , (a+6— c) 2 =(2«— l) 2 c 2 . 

.\4(m 2 --1)— (2w-l) a — 4ra 2 — 4n + l. .\ra=f> a— fc, 6— Jc, 

.\2(a + 6+c)=7c. 

7c=a square if c=7, 7 3 , 7 6 , 7 7 , etc. 

.-.a=63,-&=7, c=28 are the least numbers, and 2(a+&+c)±2(/[12a&— 
3(a + 6— c) 4 ]=(14) 2 . 

116. Proposed by L. C. WALKEE, A.M., Professor of Mathematics, Colorado School of Mines, Golden, Col. 

Required the least three square integral numbers the difference between the sum of 
every two of them and the third shall be a square number. 

Solution by G. B. M. ZEEE, A. M.. Ph. D., Professor of Chemistry and Physics, The Temple College, Philadel- 
phia, Pa. 

Let x 2 y 2 , y 2 z 2 , z 2 be the numbers. 

Then a; 2 +^ 2 -l=a 2 .....(l), je 2 -t/ 2 +l=& 2 (2). .-. as*=4(a«+& 2 ). 

Let a=t+u, l=t-u. .-. x i =t i +u 2 . 

Let t=n(p i -q !! ), u=2npq. .-. x'=n i (p 2 +q 2 y. 

From (1), y i =a*—x 2 +l. 

.•. y 2 — <kn*yq(p 2 — q s ) + l=--(2mn — l) 2 , suppose. 



m 2 —pq(p 2 —q*y 
Let «=»» 2 — pg(p 2 — g 2 ). Then xz=m( p 2 +g 2 ), yz=m*+pq(p i — q 2 ). 

:.(x*+y i -V)z*=m*(p*+2pq— q*y, 

(a 2 — y 2 -\-V)z 2 -m 2 (p i -2pq— q*y, 

(y 2 -x*+l)z 2 =2m*+2p*q !l (p i -q*) 2 —m s (p*—q i y. 



208 

Let m— pt-q*. /Xy*-*' + l)«*=(p*-4*)*(jp 4 -H[*-4pV)- 
l>etp i +q*-4p i q i =(p s -2rq !! y. ;.p 2 = r *~ .-|-. 
When r=13, p 2 = s i^q 2 , m=\<gq\ 
.-.«=Hf(2«)8*. *»=m(269)8«, «=|H(148)s*. 

Deleting the common factor §£$, xz==241q*, i/s=269g 4 , 2=149g 4 , 
2 +y 2 -l)« 2 =(329) 2 g8> (<r»_y*+l) z *=(89)*9», (y 2 -« 2 4-l)z 2 =(191) 2 g 8 . 
Let 4=1, and the least numbers all different are 241, 260, 149. 
By giving q different values an infinite number of solutions can be found. 

AVERAGE AND PROBABILITY. 

137. Proposed by 6. H. HARVILL, Malakoff, Texas. 

A, B, C, and D, playing whist, agree that the person who first cuts an ace shall 
have a stake of $313. What is the value of each person's expectation before the play be- 
gins, each taking his turn at cutting in the order named as the game progresses? 

Solution by G. B. M. ZEEE, A. If., Ph. D., Professor of Chemistry and Physics. The Temple College, Phila- 
delphia, Pa., J. E. SANDERS, Hackney, Ohio, and J. SCHEFFEB, A. M., Hagerstown, Md. 

The chance that A cuts an ace— ^ that he does not=||. 
The chance that B cuts an ace= T V(if), that he does not=(^|) s . 
The chance that G cuts an ace^y^df) 2 , that he does not=(£§) 3 . 
The chance that D cuts an ace= T ' 7 (||) 3 , that he does not=Qf )* ; etc. 
.•.A'schance= T V[l + (if) 4 +(H)8 + (||) 12 +.....]-fiH. 

B's chance =1 va|)[H-(i|) 4 + ( ff)» + (|f ) * 2 +_]=$$». 

C'schance= T V(H) 2 [l + (l|) 4 + (l|) 8 +({|)' 2 +.-]=^|H. 

D'schance= T VGD 3 [l+(!f) 4 +(H) 8 +Gt) ,1! + ]=*fft- 

A' a expectation=f£f£ of $313=$87$fff ; 

B's expectation^^! of $313=$81 T VW; 
C"s expectation=j§J£ of $313=$74f ff « ; 
B's expectation =4|f ! of $313 =$69,%%. 

138. Proposed by 6. B. M. ZEEE. A. M., Ph. D„ Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 

Find the average area of, (1) triangle, (2) quadrilateral, (3) pentagon, (4) hexagon, 
formed by taking, (1) three, (2) four, (3) five, (4) six random points on the circumference 
of a given circle radius a. 

Solution by J. E. SANDERS, Hackney, Ohio, and the PROPOSES. 

We will solve for hexagon first. Let lAOM=6, lBOM^=<j>, lCOM=<p, 
lBOM= P , £EOM=d. 

Then AO=2asmO, B0=2,asm<j>, CO=2asin4', DO=2asin P , EO=2asinS, 
where a=radius of circle. 

Area of hexagon=w=2a 2 [sin0 sin^ sin(0— 0)+sin0 sin^sin(^— ^)-f-sin^ 
sin/) sin((*— />)+sin/> sind sin(/>— *)], 



